Living cells move thanks to assemblies of actin filaments and myosin motors that range from very organized striated muscle tissue to disordered intracellular bundles. The mechanisms powering these disordered structures are debated, and all models studied so far predict that they are contractile. We reexamine this prediction through a theoretical treatment of the interplay of three well-characterized internal dynamical processes in actomyosin bundles: actin treadmilling, the attachement-detachment dynamics of myosin and that of crosslinking proteins. We show that these processes enable an extensive control of the bundle's active mechanics, including reversals of the filaments' apparent velocities and the possibility of generating extension instead of contraction. These effects offer a new perspective on well-studied in vivo systems, as well as a robust criterion to experimentally elucidate the underpinnings of actomyosin activity.
Living cells move thanks to assemblies of actin filaments and myosin motors that range from very organized striated muscle tissue to disordered intracellular bundles. The mechanisms powering these disordered structures are debated, and all models studied so far predict that they are contractile. We reexamine this prediction through a theoretical treatment of the interplay of three well-characterized internal dynamical processes in actomyosin bundles: actin treadmilling, the attachement-detachment dynamics of myosin and that of crosslinking proteins. We show that these processes enable an extensive control of the bundle's active mechanics, including reversals of the filaments' apparent velocities and the possibility of generating extension instead of contraction. These effects offer a new perspective on well-studied in vivo systems, as well as a robust criterion to experimentally elucidate the underpinnings of actomyosin activity.
Many cellular functions, from motility to cell division, are driven by myosin motors exerting forces on actin filaments held together by crosslinking proteins. This wide variety of processes is powered by an equally wide range of actomyosin structures, many of which do not display any apparent spatial organization of their components [1] [2] [3] [4] . While these structures are overwhelmingly observed to contract [5] , the mechanisms underlying this contraction are unclear, as individual myosin motors can in principle elicit extension just as easily as contraction [ Fig. 1(a-b) ] [6] [7] [8] [9] .
Recent investigations into this breaking of symmetry between contraction and extension have focused on two classes of models. The first of these classes is based on the idea that mechanical nonlinearities, e.g., the buckling of individual filaments under compression could suppress the propagation of extensile forces and thus favor contraction [10] [11] [12] . By contrast, in the second type of models the spatial self-organization of the bundle's motors and crosslinks along undeformable, rod-like actin filaments leads to contraction [13] [14] [15] [16] . So far, opportunities to discriminate between these two models experimentally remain very limited for lack of a clear theoretical prediction setting one apart from the other. Here we provide such a prediction, namely that the self-organization mechanisms imply that actomyosin bundles robustly extend if taken to certain parameter regimes. This stark qualitative change from contraction to extension is easily detectable experimentally, and is not expected in mechanical nonlinearities models. Our prediction crucially rests on a simultaneous treatment of the filament, motor and crosslink dynamics; previous studies only involved partial treatments. The coupled dynamics of these elements induces a spatial organization of motors and crosslinks along the filaments, and our predicted switch between contraction and extension is driven by a localization of the motors and crosslinks to the filament ends, as illustrated in Fig. 1(c) . We characterize the experimental regimes where either behavior is expected, and find that extension arises when the motor run-length and unbinding rate are relatively large compared to the filament length and the crosslink unbinding rate, respectively. Our study moreover identifies simple, widely applicable ideas to understand self-organization in active filament-motor systems.
We consider a bundle of polar filaments of length L aligned in the x-direction and subjected to periodic boundary conditions. The filaments are rigid, ruling out contraction arising from mechanical nonlinearities [8] . A filament may point in the direction of positive or negative x, and maintains this polarity throughout the dynamics. At steady-state, filaments constantly grow from their barbed ends and shrink from their pointed ends at a fixed velocity v t , a phenomenon known as "treadmilling" throughout which their length remains constant [17] [ Fig. 2(a) ]. Motors and crosslinks constantly bind and unbind from filaments, and we denote by τ m (τ c ) and ρ Once bound to a filament, motors slide towards its barbed end with a velocity v m . The value of v m is set by a competition between the propulsive forces of the motors and the restoring forces of the crosslinks, and is to be determined self-consistently at a later stage of the calarXiv:1709.08246v1 [physics.bio-ph] 24 Sep 2017 culation. In a mean-field description (valid for filaments interacting with many neighbors through many motors and crosslinks), this results in the pattern of motion illustrated in Fig. 2 
(c).
Focusing on a single right-pointing filament, the combined effect of motor motion and actin treadmilling implies that motors move with a velocity v m − v t relative to the growing barbed end. Denoting by ξ the distance between the motor and the barbed end [ Fig. 2 (c)], this implies that the number of bound motors per unit filament length ρ m (ξ, t) satisfies the reaction-convection equation:
where 
Motors bound to two filaments of opposing polarities exert forces on each filament, and we denote by f m (ξ, t) the longitudinal force per unit length exerted by the motors on a right-pointing filament. For independent motors operating close to their stall force (i.e., motors whose velocity is essentially controlled by the external crosslink restoring forces), f m (ξ, t) is proportional to the local mo-
Note that motors do not induce internal forces in pairs of filaments with identical polarities, which we thus need not consider here.
The density ρ c (ξ, τ, t) of crosslinks of age τ bound in ξ at time t satisfies the conservation equation
with ρ c (0, τ, t) = ρ c (ξ, τ ≤ 0, t) = 0. Since the crosslink attachment points do not slide on the actin, their advection relative to the barbed end is entirely due to treadmilling and the crosslink current reads J c (ξ, t) = ρ c v t . The term −∂ τ ρ c in Eq. (2) can be viewed as an advection term along the coordinate τ , which account for the fact that the age τ of a bound crosslink increases linearly with time t. While attached crosslinks are thus advected towards increasing τ , newly attached crosslinks all have age τ = 0 by definition, which we enforce through the delta function in the source term ρ 0 c δ(τ )/τ c . As motor forces tend to slide filaments of opposing polarities respective to one another, they are opposed by the restoring forces of the crosslinks, which tend to keep filaments stationary with respect to one another. To describe this competition, we assimilate crosslinks to Hookean springs with elastic constant k c . The average extension of a crosslink bound to two antiparallel filaments is equal to zero at the time of its binding (denoted as τ = 0), but increases as 2v m τ as the filaments slide respective to one another [ Fig. 2(d) ]. As each crosslink exerts a Hookean force −k c × (2v m τ ) on the filament, the crosslink force per unit filament length is obtained by summing this force over all filament ages, yielding
Solving Eqs. (1-2), we compute the steady-state force densities exerted by the motors and crosslinks on the filament:
Equations (3) describe a depletion of motors and crosslinks close to the filament ends, with associated depletion lengths |v t − v m |τ m and v t τ c , as illustrated in Fig. 3 . The crosslink depletion results from the finite time required to decorate newly polymerized actin with crosslinks, while the motor depletion arises from the time required to dress a newly created filament overlap with motors. This delay may result from the motor binding time as discussed above, or from a rearrangement time required for an already-present motor to properly engage the filament. Provided the filament length is much larger than these depletion lengths, the motor force and crosslink friction asymptotically go to the constant values f (a) The crosslink density ρc is suppressed near the barbed end, implying that the crosslink force fc < 0 is predominantly applied to the right-hand-side of the filament. (b) When motors are faster than treadmilling (vm > vt), they are depleted from the pointed end and right-directed motor forces are predominantly applied on the left-hand side of the filament. As schematized on the right-hand-side, the fact that the crosslink force (dark blue arrow) is applied more to the right than the motor force (light blue arrow) implies that the filament is under compression. (c) When vt barely exceeds vm, motor forces are applied relatively uniformly over the filament, which also results in filament compression. (d) When vt vm, the motor depletion zone is larger than the crosslink depletion zone and motor forces are significantly shifted to the right. The filament is tensed in that case.
the hypothetical motion of infinite-length filaments.
By contrast, shorter filaments undergo both a smaller overall driving force and a smaller friction. Depletion thus affects the velocity v m , while v m itself affects motor depletion as described by Eq. 
where
are two constants and g(y) = 2y − (1 + 2y)e −1/y [see Fig. 4(a) ]. As a > 0 and b > 0, Eq. (4) gives rise to three regimes illustrated in Fig. 4(b-c) : one where translocation by the motors is faster than treadmilling (u < 0 ⇔ v m > v t ), one where treadmilling is faster than translocation (u > 0) and one where one u < 0 solution coexists with two u > 0 solutions. We determine the stability of these solutions by perturbingṽ m by a small quantity δṽ m and assessing whether the overall force F exerted on the filament tends to amplify or suppress this perturbation. We find that all unique solutions are stable (i.e., ∂F/∂ṽ m < 0). In the three-solutions regime, the smaller of the two u > 0 solutions is unstable. The bundle thus chooses one of the other two, resulting in two coexisting stable solutions of opposing signs as illustrated in Fig. 4(d) . As for any first-order (discontinuous) transition, bundles in this parameter regime will select either value of u depending on their initial condition, and any switching from one to the other involves hysteresis.
We now turn to the contractile/extensile character of a bundle comprised of ρ f filaments per unit length. A filament in this bundle is subjected to a total force per unit length f (ξ) = z[f m (ξ) + f c (ξ)] at location ξ, where z denotes the number of interacting neighbors of a filament. As the filament tension T (ξ) vanishes at the filament ends [T (0) = T (L) = 0], its tension in ξ thus reads T (ξ) = ξ 0 f (ξ ) dξ . The contractile or extensile character of our bundle is revealed by its integrated tension across any x = constant plane. In thick bundles, this plane is intersected by a large number of filaments (namely ρ f L 1) each intersecting the plane at a random coordinate ξ that is uniformly distributed between 0 and L. As a result, the bundle tension is given by the average
, the respective contributions of the motors and crosslinks to the dimensionless bundle tension arẽ
where the function h(y) = [4y − 12y 2 + (2 + 8y + 12y
2 )e −1/y ]/[(1 − 2y) + (1 + 2y)e −1/y ] is illustrated in Fig. 4(a) . As shown in Fig. 5(a) , these expressions can result in either sign for T depending on the values of u and h(ṽ tτc /L). As the periodic boundary conditions used here confine the bundle to a fixed length, a bundle with a propensity to extend develops a negative tension T < 0 (i.e., is compressed), while T > 0 denotes a contractile (tense) bundle. These two behaviors respectively correspond to the situations illustrated in Fig. 3(b-c) and Fig. 3(d) . We illustrate the regimes in Fig. 5(b) as a function of the original dimensionless parametersṽ t ,τ c and L. As some parameter values yield coexisting metastable values of u, so can they allow for both contractile and extensile steady states. However, despite this ambiguity at intermediate parameter values, Fig. 5(b) shows that the self-organization mechanism investigated here results in unambiguous extension for broad ranges of parameters.
This transition from contractile to extensile behavior upon an increase in the crosslink detachment time τ c can be rationalized by an enlarged crosslink depletion zone in the vicinity of the filament barbed ends (Fig. 3 ). This implies a localization of crosslinks towards the filament pointed ends, resulting in an extensile "anti-sarcomere" organization [ Fig. 1(c) , right], in contrast with the contractile "sarcomere" structures [ Fig. 1(c) , left] found in our highly organized striated muscle. The emphasis of this mechanism on barbed end depletion suggests that it will not be significantly affected if pointed end assembly proceeds through severing [18] rather than depolymerization. We also predict another transition, whereby a further increase of τ c in the extensile phase causes the variable u ∝ v t − v m to change sign through a firstorder (for smallL) or a second-order (for largeL) transition [ Fig. 5(b) ]. Indeed, the enhanced crosslink depletion associated with a large τ c tends to reduce the friction between filaments, resulting in faster motor motion and thus in a situation where motor sliding outpaces treadmilling (u < 0). Both transitions could be directly observed by manipulating the actin dynamics or motor composition in current in vitro assays [19] [20] [21] and possibly in cells [22] . Such changes could also be at work in smooth muscle, where the number of myosins in individual thick filaments is regulated dynamically [23] . The experimental relevance of these transitions is illustrated by a dashed line in Fig. 5(b) , which shows that both transitions can be probed by varying L between 250 nm and 1 µm while holding v dition, the magnitude of the forces and velocities predicted here are on par with those found in vivo, e.g., in the cytokinetic ring of fission yeast. Indeed, setting [28] , z = 6 as in a hexagonal packing andT 0.1, we find a contractile force T 120 pN comparable with the force required for fission T req 160 pN extrapolated from the required cleavage force in echinoderm eggs [29] to a yeast ring with radius 1 µm [14] . We also find a characteristic velocity v Overall, our prediction that self-organized force generation entails a robust extensile regime provides a stringent test to validate or invalidate this model in specific experiments. For instance, the bundles of Refs. [19, 30] contract despite the fact that v t = 0, which contradicts the self-organization prediction and thus validates the fact that they are dominated by mechanical nonlinearities. Conversely, stiff microtubules systems where buckling nonlinearities are strongly suppressed extend in vitro when the filament polymerization/depolymerization dy-namics is blocked [31, 32] and contract in more complex in vivo situations [33] , consistent with the selforganization model. In addition, both extension and contraction have also been reported in stiff, non-buckling actin bundles [34] . Beyond pure contraction or extension, transitions between these two possibly coexisting (as in the multiple-solution regime of Fig. 4 ) metastable states could help understand several in vivo behaviors involving alternating contractions and expansions of the actomyosin cortex. This includes cell area oscillations observed during Drosophila, C. elegans, and Xenopus development [35, 36] or propagating actomyosin contractility waves [37] . It would also be interesting to see how the mechanisms described here apply to the more complex geometry of two-or three-dimensional actomyosin assemblies [38] , and to connect our self-organization mechanisms to the onset of positional ordering in musclelike bundles [39, 40] . Finally, the fundamental principles for the dynamical depletion of motors and crosslinks described here could serve as guiding principles in our nascent understanding of self-organized contractility in the cytoskeleton.
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